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Abstract

Background: Electrical Impedance Tomography (EIT) reconstructs internal conductivity distributions from
boundary voltage measurements, but its ill-posed nature and limited sensitivity to interior structures remain major
challenges.

Aims: This study develops and evaluates AEPS-PINN, a physics-informed reconstruction framework
incorporating Adaptive Energy-Prior Scheduling to reduce the computational overhead of energy-based
regularization.

Methods: The framework combines superposed multi-harmonic excitation, a dual-head Physics-Informed Neural
Network (PINN) for electric potential and conductivity estimation, and an Energy-Based Model (EBM) prior
activated selectively when the governing partial differential equation residual exhibits stagnation. Training
employs Adam optimization followed by L-BFGS refinement.

Results: Performance was evaluated using a synthetic three-inclusion conductivity phantom under identical
optimization budgets for Standard PINN, Static EBM-PINN, and AEPS-PINN configurations. AEPS-PINN
achieved a mean squared error (MSE) of 0.9008 (n = 5), compared with 0.9127 (n = 4) for Standard PINN and
0.8967 (n = 5) for Static EBM-PINN, with no statistically significant improvement over Standard PINN under the
Wilcoxon signed-rank test. The adaptive scheduler reduced EBM evaluations by approximately 99.8%, from
7,511 + 353 to 15 £ 4 evaluations per run, without a measurable deterioration in reconstruction accuracy.
However, Dice and Intersection-over-Union scores remained zero across all configurations, indicating
unsuccessful spatial recovery of the conductivity inclusions. Furthermore, the superposed multi-harmonic
excitation produced a rank-1 boundary-voltage response matrix, corresponding to a single independent current-
injection pattern rather than four separately applied patterns.

Conclusion: These findings demonstrate that AEPS-PINN substantially reduces energy-prior evaluation
requirements while maintaining reconstruction performance comparable to continuously regularized PINN.
Nevertheless, reliable inclusion recovery requires more informative boundary measurements, particularly
multiple independent current-injection patterns, followed by experimental validation.

Keywords Electrical Impedance Tomography; Physics-Informed Neural Networks; Adaptive Energy-Prior
Scheduling; Energy-Based Model; Conductivity Reconstruction.

l. Introduction distance from the boundary [4], [5]. Recovering

Electrical Impedance Tomography (EIT) reconstructs incIusjons located away from the elegtrodes therefore
the internal conductivity distribution of an object from remains a c?entral challenge. Classical Iapp.roach_es
boundary voltage measurements [1], [2]. Although it is address this ill-posedness through regularized iterative
non-invasive, low-cost, and suitable for repeated  reconstruction, as implemented in EIDORS [6] and
biomedical monitoring [3], EIT is severely ill-posed: ~ GREIT [7], with total-variation regularization to
small measurement perturbations produce large ~ Preserve sharp boundaries [8] and the complete
uncertainty in the estimated conductivity, and the electrode model to describe the measurement physics

distinguishability of interior structures decreases with ~ [9]: These methods rely on multiple current-injection
patterns, because the reconstructable information
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depends on the number and choice of the applied
patterns [4], [10]. Data-driven methods have since
been introduced for inverse imaging [11], [12], [13],
including CNN post-processing of D-bar
reconstructions [14], [15], organ-boundary recovery
[16], and networks built on direct sampling methods
[17], as reviewed in [18].

Physics-Informed Neural Networks (PINNs) instead
embed the governing equation directly in the training
objective [19]. In EIT, PINN-type formulations have
been applied to forward, semi-inverse, and full-inverse
problems [20], composite sensing [21], real-time
dynamic imaging [22], hybrid CNN—PINN full-inverse
reconstruction [23], [24], and lung imaging [25],
although their effectiveness depends strongly on
gradient quality and loss balance [26]. Pokkunuru et al.
improved PINN convergence for EIT by adding a
pretrained energy-based model (EBM) [27] as a
Bayesian prior [28]. This prior, however, is evaluated at
every optimization step, so its cost scales with the full
training budget regardless of whether it contributes
useful information; moreover, as noted by Yang et al.,
existing PINN approaches to EIT rely on internal
potential data that are unavailable in boundary-only
measurements [24].

Two research gaps follow. First, learned priors in
PINN-based EIT are applied continuously, and whether
a prior is actually needed during optimization has not
been examined. Second, although classical theory
links reconstructable information to the number of
current patterns [4], [10], the information content of the
excitation used in PINN-based EIT is rarely measured,
making it difficult to attribute reconstruction failures to
the method or the measurement. This study therefore
proposes AEPS-PINN  (Adaptive  Energy-Prior
Scheduling PINN). Unlike the continuously applied
prior of Pokkunuru et al., the EBM in AEPS-PINN is
activated only when a scheduler detects stagnation of
the PDE residual. The framework combines this
scheduler with superposed multi-harmonic excitation
and a dual-head PINN with Fourier feature encoding
[29], [30] and a bounded conductivity output trained
through a straight-through estimator [31], optimized by
Adam [32] followed by L-BFGS [33], within a controlled
computational setting that includes an idealized
background anchor.

This study aims to develop a stagnation-gated prior-
scheduling framework for PINN-based EIT and, under
equal optimization budgets, evaluate both its
computational behavior and the extent to which interior
conductivity can be recovered from a single-injection
boundary measurement. The contributions are fivefold:
(1) a superposed multi-harmonic excitation strategy,
with a rank analysis showing that superposition
increases the boundary-signal amplitude by a factor of
1.99 without increasing the measurement rank; (2) an

analytical characterization of radial sensitivity decay;
(3) analysis and numerical verification of two gradient
limitations, namely the smooth Born-kernel gradient at
uniform conductivity and error accumulation in
differentiable Jacobi relaxation; (4) the AEPS-PINN
framework, which applies the energy prior adaptively
rather than continuously; and (5) a controlled five-seed
evaluation establishing that no configuration recovers
the inclusions, a failure that may be associated with the
limited excitation diversity of a single current-injection
pattern, although other methodological factors may
also contribute. Section Il presents the methodology,
Section Il the results, Section IV the discussion, and
Section V the conclusion.

Il. Method

The EIT inverse problem is formulated on a bounded
domain Q with boundary 9Q, where the conductivity
o(x, y) is recovered from boundary measurements [1],
[2]. The electric potential u(x, y) satisfies the elliptic
conductivity equation of Eq. (1) [1], [2] with the
Neumann condition of Eq. (2) [1], [34] for a prescribed
current pattern g(6), where n is the outward unit normal:

-V (oVu) =0, inQ (1)
UZ_Z =g(6), on dN (2)

The boundary response is described by the
Dirichlet-to-Neumann (DtN) map As in Eq. (3) [2],
whose dependence on o carries the information
available for reconstruction. For the unit disk with
homogeneous conductivity oo, the harmonic modes
cos(m@) are eigenfunctions of the DIN map, Eq. (4)
[10], [34], and a perturbation at radius ro affects the m-
th mode in proportion to ro?”, Eq. (5) [4], [5], where
Sm(ro) is the sensitivity of mode m. Eq. (5) expresses
the depth-dependent loss of distinguishability of
boundary data.

u
Ag: ulag '—>0'%|an 3)
Ag,[cos(mB)] = g, mcos(m8) (4)

Sm(ro) _.2m
S (D To (5)

In the PINN formulation [19], [35], v and o are
represented by neural networks trained to minimize the
residual of Eq. (1), defined at interior points by Eq. (6)
[19], [20] and computed by automatic differentiation
[36], together with the boundary, measurement, and
prior terms of Section II.D. The overall framework is
shown in Fig. 1.

r(x,y) ==V (o(x, y)Vu(x, ) (6)
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A. EIT Forward Problem and Multi-Harmonic
Excitation

For homogeneous 0o and a Neumann pattern g(6) on
the unit disk Q = {(r, 8): 0 < r < 1}, the forward solution
admits the Fourier expansion of Eq. (7) [1], [34], where
am and bm are the Fourier coefficients of g(8). The
superposed excitation combines the first four cosine
modes with amplitudes a1 = 0.6, a2 = 0.4, a3 =0.25, and
as = 0.15, Eq. (8) [4], [10], so that the homogeneous
solution and its boundary trace are given by Eq. (9) [1]
and Eq. (10) [1], [10], respectively.

4

u,(1,0) = Z a,, cos(m8@)

m=1

(10)

Measured on the evaluation phantom over 256
boundary points, the RMS boundary amplitude is 0.904
for the superposed excitation and 0.454 for a single m
= 2 excitation with a2 = 0.4, a gain of 1.99. Section IIl.E
shows that this gain is not accompanied by an increase
in the rank of the measurement data.

B. Sensitivity Analysis and Gradient Limitations
For a compactly supported perturbation 6c centered at

S . . . .
. . (ro, 60) with ro < 1, the Born approximation gives the
u(r,6) = z [amr™cos(mb) + by,r™sin(mo)] (7)  change in the m-th boundary Fourier coefficient as Eq.
m=0 (11) [2], [37], so that the modal sensitivity scales as Eq.
4 (12) [4], [5].
0) = Z a,, cos(mb 8 a;
9(6) m C0s(m6) (8) Sy = ——212Mcos?(mb,) 8o (1o, 0,) (11)
m=1 ()
4 Suy,
Sn(1y) = —— & a?, ré™ 12
un(r,0) = ) aprmcos(mo) (©) m(10) = 55 % am o (12)
m=1 The sensitivity therefore decays as ro®”, most rapidly
for the higher modes (Fig. 2). The aggregate sensitivity
of an N-mode excitation is given by Eq. (13) [5], [10].
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Stage 1: Adam Warm-Up
2000 epochs, Ir = 1073
AEPS active (scheduler + EBM gating)

(
OPTIMIZATION }—J
|

Xey Hyparparamaters Main computation flow

* Sliding window size: W = 15 epochs

 Stagnation threshold: ey, = 0.005 iy y
o EBM weight when ON: Ko = 5.0 —==p  Loss source connection
*  Warm-up before scheduling: 100 epochs —==p EBM contribution path (only

Fig. 1.

Liotal = AppELPDE + ADirLpir + Ameas Lmeas + Agbnd Lobnd + AvgLog + x(t)Eg(a)

Stage 2: L-BFGS Fine-Tuning I
500 steps, k(t) = 0
EBM OFF (prior disabled) ‘

Measurement supervision (not network input)

(reference / known)

'

region B vs oy = 1.0

Total Loss J
Conductivity Reconstruction ‘

Go-(x,y)

—_—

Notes
¢ EBM is pretrained and frozen throughout PINN training
* EBM is OFF during L-BFGS fine-tuning.

when ON) * uy is the harmonic boundary condition from excitation g(0)

Overall architecture of the AEPS-PINN framework illustrating multi-harmonic EIT data generation,

Fourier feature encoding, dual-head neural-network prediction, adaptive EBM regularization, composite

loss calculation, and two-stage optimization.
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N

Seat(0) = Y @ g™ (13)
m=1

For N = 4 and the amplitudes above, Eq. (13) gives
Stotal(  0.5) = 0.101, whereas a single m = 2 mode
gives S2(0.5) = a2?n* = 0.0100, a ratio of 10.1.
Proposition 1 (Born-kernel gradient at uniform
conductivity). At o(x, y) = oo, the adjoint gradient
dLwwaldo(x, y) of the forward-consistency loss Liwd = Zm
&%, Where &m is the residual of the m-th boundary

0.40
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(a) Individual Mode Sensitivities

and inclusion radii of up to 0.245, the ™ law is only a
qualitative trend here: the measured decay exponents
on the phantom are 1.23, 1.86, 2.89, and 2.34 for m =
1-4, below the theoretical value of 2m.

Proposition 2 (Jacobi backward accumulation
error). When the gradient of the boundary-data loss is
computed through K differentiable Jacobi sweeps, the
accumulated numerical error grows with K.

Analysis. The Jacobi update of the discretized forward

045 ] . Phaep , I
LteTior m— Tolal {m=1-4)
0.40 1 === Single m=2 vnly
0.35 pemmmmaammaaal e rte Single m=1 only -
< 030 /-
w Ratio at rg = 0.5:
B 0,25 1 10.1 = .
= ;
2
= 0.20
4
o 0.135 4
w
0.10 4
0.05 A
0.00

T T
0.0 0.2 0.4 0.6 0.8 1.0
rp (inclusion radius)

(b) Total vs Single-Mode Sensitivity

Fig. 2. Radial sensitivity analysis of harmonic excitation in electrical impedance tomography: (a) sensitivity
of individual harmonic modes (m = 1-4) and (b) aggregated sensitivity of superposed multi-harmonic
excitation as a function of inclusion radius. Here, ro denotes the radial position of the inclusion, the mode
amplitudes are a1—a+= 0.6, 0.4, 0.25, 0.15, and panel (b) also compares the aggregated sensitivity with single-
mode excitation (m =1 or m = 2 only), giving a ratio of 10.1 relative to the m =2 mode at ro = 0.5.

Fourier coefficient, is a smooth spatial function without
inclusion-to-background contrast.

Analysis. Differentiating Lwa with the sensitivity of Eq.
(11) gives the adjoint gradient of Eq. (14) [2], [37], and
substituting the modal solution um = amr"cos(mé) of Eq.
(9) gives Eq. (15) [37].

2
9Y) = = S i (x,9)? (14)
0 m
2 N
g(r,8) = _a_z 8, a2, 7?™cos?(mh) (15)
0
=1
The gradient is a superposition of the smooth
functions r?"cos?(m@), which carry no inclusion

boundary; at uniform conductivity it therefore provides
no inclusion-to-background contrast. Because the Born
approximation assumes weak contrast and small
perturbations, whereas the phantom has a 5:1 contrast

problem is Eq. (16) [38], where j ~ i denotes the four
neighbouring grid points and oi = o(x, yi). After K
sweeps, UK = OX(u), where @ is the Jacobi operator,
and the Jacobian with respect to o decomposes by the
chain rule of reverse-mode differentiation as in Eq. (17)
[36]. Each factor ad/ouV) is sparse with entries of
magnitude O(1), so the worst-case floating-point error
accumulates linearly, Eq. (18) [39].

1
(k+1) _ (k)
u; = 4_012 0j U; (16)
j~i
e S 1T 00 \oo
5 =2 1] 5u00 g o (17
k=0 \ j=k+1
K-1
€x = 0 (1)K_k_16round = O(K) €round (18)
k=0
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Direct verification by automatic differentiation shows
that the error grows with K as predicted (fitted exponent
0.90 for K = 50-300) but remains far below the worst-
case bound: 9.8 x 107'% at K= 300 versus 3 x 107 from
Eq. (18). For K = 100, the autodiff gradient deviates
from a float64 reference by less than 0.5% (relative L2)
with a cosine similarity of 1.0000. In the
implementation, the forward-consistency weight is Amwd
= 0, so the differentiable solver is not evaluated during
training, and the boundary data are produced by a
separate non-differentiable solve with 5,000 sweeps.
Proposition 2 therefore motivates treating the
measurement operator as a fixed forward solve rather
than describing an active computation path.

C. AEPS-PINN Network Architecture

AEPS-PINN uses a dual-head network with a shared
trunk, a five-layer multilayer perceptron (MLP) with 64
tanh neurons per layer (17,986 parameters in total).
The coordinates (x, y) are first mapped by a fixed
Fourier feature encoding with B = 4 geometrically

(a) AEPS Scheduling Mechanism

PDE Loss History
{Lepe(®)}e>0
Y

[ Sliding Window W = 15 ]

Sw(t) = | Lppe(®) = Ly ()| /(Ly(2) + 1)

{ Scheduler active only afte |
Sw(t) <€=0.005? { warm-up: ¢ > 100 epochs.
Yes / No """""""""""""""""""

Y
{ Stagnation Index

Stagnating Descending
K=K,=50 J K=0 J
([ EmMon | ( EBmorr |

[ Total Loss + (z) - Eg(0) ]

€ {1, 2, 4, 8}, giving an 18-dimensional input (2 + 4B)
and a 64-dimensional trunk output h.

exy) =[xy v, veMIis,
Yu(s) = [sin(wys), cos(wys)], (19)
w, = wy2?

The potential head is a single linear layer, Eq. (20)
[19], [40]. The conductivity head is a linear layer with
pre-activation z followed by a bounded sigmoid that
keeps the conductivity within [Omin, Omax] = [0.5, 5.5], Eq.
(21) [40], where sig(-) denotes the logistic function.

u(x,y) =w, h+b, (20)

6(x,y) = Omin + (Omax — amin)Sig(Z):

z =wlh+b,

Because the sigmoid derivative vanishes for
strongly negative z, a straight-through estimator (STE)
replaces it in the backward pass with the constant in
Eq. (22) [31], so that the head receives a full-strength

(21)

(b) Measured PDE Loss with AEPS Gating

10°

Warm-up —— Lppe(t)
@ (£100) | EBM activations (14)
g 10? - 2
-
=
Q o a ,
10° + T T T T T T : r
0 250 500 750 1000 1250 1500 1750 2000
10° Se® |
_ WWWWWWM---e )
3 1072 } _____________
7
1074

T T T T T
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Epoch

(c) Stagnation Index Distribution (post-warm-up, W = 15)

€= 0.005 5 N (post-warmup) : 1900
120 4 (0.7368th percentile) - Count (S < 0.005): 14
Fraction (< 0.005) : 0.007368

100 A Median : 0.325285

80 - 5th percentile : 0.032094
§ 95th percentile  : 0.952902
S 60 1
Q

40 -

20 A

107 1073 1072 107! 10°
Stagnation Index Sy ()

Fig. 3. Adaptive energy-prior scheduling behavior: (a) stagnation-based EBM activation mechanism, (b)
PDE residual loss and corresponding EBM activation events during training, and (c) distribution of the
stagnation index relative to the activation threshold £ = 0.005. Panel (b) also shows the stagnation index
Sw(t) for a representative run (seed 42, 14 activations), and panel (c) is computed over the post-warm-up

epochs.

spaced bands, Eq. (19) [29], [30], with wo = 1.0 and w»

gradient while the forward output remains bounded.
Unlike an unbounded Softplus head, the lower bound

Manuscript received 14 August 2026; Accepted 16 October 2026; Available online 9 November 2026
Digital Object Identifier (DOI): https://doi.org/10.35882/jeeemi.v9i1.2012
Copyright © 2026 by the authors. This work is an open-access article and licensed under a Creative Commons Attribution-ShareAlike 4.0

International License (CC BY-SA 4.0).

19


https://jeeemi.org/index.php/jeeemi
https://portal.issn.org/resource/ISSN-L/2656-8632
https://doi.org/10.35882/jeeemi.v9i1.2012
https://creativecommons.org/licenses/by-sa/4.0/

Journal of Electronics, Electromedical Engineering, and Medical Informatics

Homepage: jeeemi.org; Vol. 9, No. 1, January 2027, pp: 15-32

e-ISSN: 2656-8632

omin = 0.5 also excludes the trivial solution o = 0, for
which the residual of Eq. (6) vanishes for any u.

a6

E backward
D. Physics-Informed Loss Formulation

The networks are trained with the composite objective
of Eq. (23) [19], [26].
L= AppeLppe + ApirLpir T AmeasLmeas
+2AsbndLobnd T AbgLog + K(t) E4(6)

The first five terms are applied at every step with fixed
weights; the multiplier «(t) of the energy prior Ey is set
to 0 or ko by the scheduler of Section II.E, and when «(t)
= 0 the EBM is not evaluated. The PDE term (Appe =
1.0) is the mean squared residual at M = 10,000 interior
collocation points, Eq. (24) [19]. The measurement
term (Ameas = 1000) is the mean squared error between
the predicted and measured boundary potentials at Ny
= 256 points x», Eq. (25) [19], [20], where Umeas is
obtained from the forward solve.

= Omax — Omin = 5.0 (22)

(23)

M
1
Lovs =3 ) Iy (24)
i=1

Np
1 2
Lieas = N_bbzzl(u(Xb) - umeas(xb)) (25)

The Dirichlet term (Apir = 200) penalizes deviation of
the predicted boundary potential from the
homogeneous solution of Eq. (10); the conductivity-
boundary term (Aobnd = 100) penalizes deviation of the
boundary conductivity from oo = 1.0; and the
background-anchor term (Asg = 200) constrains the
conductivity to oo outside an inclusion mask. This mask
is derived from the ground-truth phantom (cells
deviating from go by more than 1073, dilated by 0.06
domain units, i.e., four grid cells), so the anchor uses
oracle information that is unavailable in practice. It is
used deliberately as an upper-bound design that tests
whether interior contrast can be recovered under ideal
background suppression, and its influence is quantified
by the ablation in Section III.F.

E. Adaptive Energy-Prior Scheduling

The AEPS mechanism activates the EBM regularizer
only when the PDE residual stagnates. At each Adam
epoch t, the scheduler computes the normalized
deviation of the PDE loss from its mean over the last W

Algorithm 1. AEPS-PINN training and conductivity reconstruction

Input: collocation points (xi, yi), i =1, ...

, M (M =10,000); boundary points x» with measurements Umeas, b = 1,

..., Nb (Nb = 256); background mask; loss weights A (Section 11.D); scheduler parameters W, ¢, Ko, twarmup

(Section II.E); budgets Ta =2,000 and T. = 500.

Output: trained parameters 6*; conductivity o(x, y; 6*) on the 12,644 interior cells.
Stage 1: Adam optimization with adaptive energy-prior scheduling

Evaluate Lrpe and Lmeas (Egs. (24)—(25)) and Loir, Lobnd, Lbg (Section 11.D).

12: Back-propagate with the STE, Eq. (22); clip the gradient norm at 1.0; Adam update (learning rate

1: Initialize 6 (Xavier uniform); load the pretrained EBM E and freeze ¢.
2: fort=1,..., Tado
3: Encode (x, y) by Eq. (19); predict u and ¢ by Egs. (20)—(21).
4: Compute the residual r(x, y) by automatic differentiation, Eq. (6).
5:
6: Compute Sw(t) by Eq. (26) and «(t) by Eq. (27).
7 if k(t) > 0 then
8: L «— L + k(t)Ey(0), Eq. (23)
9 else
10: skip the EBM forward pass (no autograd graph is built)
1M endif
1079).
13: end for

Stage 2: L-BFGS fine-tuning with the prior disabled

14: Setk « 0.
15: fors=1, ..., TLdo

16: L-BFGS step on Eq. (23) (strong-Wolfe line search, history 50, max_iter 20).
17: if the gradient or loss change is below 107° then break

18: end for
19: return 6* and o(x, y; 6%)
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Algorithm 2. Adaptive energy-prior schedule

Input: PDE loss Lpoe(t) at Adam epoch t; window length W = 15; threshold ¢ = 0.005; prior weight ko = 5.0;

warm-up twarmup = 100; = 1078; frozen pretrained EBM E; (Section 11.E); current conductivity prediction o.

Output: prior weight «(f) and, when the gate opens, the prior term k(t)Eg(0) of Eq. (23).
Executed at every Adam epoch t of Stage 1 (line 6 of Algorithm 1)

_

T OONIOR W2

Append Lroke(t) to the loss history and retain its W most recent values.

Compute the window mean of Lrpe over the last W epochs, Eq. (26).

Compute the stagnation index Sw(t), the normalized deviation of Lroe(t) from this mean, Eq. (26).
if £ > twarmup @and Sw(t) < € then

K(t) < Ko, Eq. (27); evaluate Ey(0) on the 12,644 interior cells.

L — L + k(t)E4(0), Eq. (23); the prior gradient propagates through the PINN trunk.

Record the activation (activation counts in Section II1.B).

else

K(t) < 0; skip the EBM forward pass (no autograd graph is built).

end if

return «(t); the gate is re-evaluated at every epoch without a refractory period, and « < 0 throughout
Stage 2.

Algorithm 3. Multi-harmonic EIT boundary-voltage simulation

Input: phantom o on the 128 x 128 grid (12,644 interior cells, go = 1.0); amplitudes a+—a4 = 0.6, 0.4, 0.25,

0.15; N» = 256 boundary points; K = 5,000 Jacobi sweeps; singular-value tolerances 7 € {1078, 1078,
10719},

Output: boundary measurement matrices Ve, RMS amplitudes, numerical ranks rank:(Ve), and the

superposition residual.

Boundary-voltage simulation (Section Ill.A)

1:

Define the excitation schemes e: single m = 1; single m = 2; superposed m = 1-4, Eq. (8); and the four
harmonics m = 1-4 applied separately.

2! for each excitation scheme e do
3: for each current pattern gj(6) of scheme e do
4: Solve the discretized forward problem for gj(6) by K non-differentiable Jacobi sweeps, Eq. (16).
5: Sample the potential at the N» boundary points to obtain the 1 x 256 row vector v;.
6:  endfor
7 Stack the rows v;jinto Ve (1 x 256 for one pattern; 4 x 256 for four separate injections).
8 end for
Measurement-rank analysis (Section IlI.E)
& for each excitation scheme e do
10: Compute the RMS amplitude of each single-pattern measurement.
11: Compute the singular values s1 2 s2 = ... of Ve by singular value decomposition.
12: for each 1 do compute rank:(Ve), the numerical rank of Ve at tolerance r end for
131 end for
14: Superposition check: relative L2 difference llvsup = Zm vmll2 / llvsupll2 between the superposed response
and the sum of the four individual responses.
15: return Ve, the RMS amplitudes, rank:(Ve), and the superposition residual.
epochs, Eq. (26) [41], with n = 1078, and sets the prior Ko, t > twarmup Sw(t) <&
weight by the gating rule of Eq. (27) [28], [41]. r(t) = {0 otherwise (27)
S, (1) = |Lppe(t) — Ly ()] A value of Su(t) above ¢ indicates that the PDE loss is
v Ly () +n ' still changing, so the prior is not needed; a value below
1 t (26) ¢ indicates a plateau, and the prior is activated with ko
Ly(t) =— Z Lpp (T) = 5.0 (Fig. 3(a)). After the warm-up, the gate opens if
WT:t_WH and only if Sw(f) < &, with no refractory period or
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minimum spacing. When «(t) = 0, the EBM forward
pass is skipped, so no autograd graph is built for the
prior; when the gate opens, the prior gradient
propagates through the PINN trunk. The values W =
15, € = 0.005, ko = 5.0, and fwarmup = 100 were chosen
empirically, and their sensitivity is analysed in Section
lII.G. The EBM [27] is a four-layer MLP that maps the
flattened interior conductivity (12,644 values) through
128, 64, and 32 RelLU units to a scalar energy without
input normalization; it has 1,628,929 parameters, 90.6
times as many as the PINN. It was pretrained with
denoising score matching (DSM) [42] for 50 epochs on
1,000 synthetic phantoms with randomized inclusion
number and conductivity, balanced by an equal number
of negative samples (flat fields, uniform noise, and
Gaussian perturbations), using Adam (learning rate
1073, weight decay 107%, cosine annealing, gradient
clipping at 1.0), and then frozen. The DSM loss
decreased by only 0.11%, and the energy gap between
in- and out-of-distribution samples reached 2.59
against an intended margin of 5.0, so the prior
landscape did not converge well. The evaluation
phantom is not a pretraining sample but is in-
distribution.

F. Two-Stage Optimization and Training Algorithm

Training proceeds in two stages (Algorithm 1). Stage 1
initializes the network parameters by Xavier uniform
initialization [43] and applies Adam [32] for 2,000
epochs (learning rate 1073, gradient-norm clipping at
1.0) with the scheduler active; during this stage the
PDE loss decreases from about 1,020 to a fluctuating
range of 5-30. Stage 2 applies L-BFGS [33] for 500
steps (max_iter = 20, tolerance grad =
tolerance_change = 1079, strong-Wolfe line search [44],
history size 50) with the prior permanently disabled to
avoid loss-scale interference. This budget is identical
for all configurations in the main comparison. The
ablation and sensitivity studies use 2,000 Adam epochs
and 100 L-BFGS steps, which still exceeds the point of
diminishing returns because only 2 of the 500 L-BFGS
steps improve the loss (Section III.C). Algorithm 1
specifies the inputs, initialization, loss evaluation,
stagnation computation, gating decision, optimizer
transition, stopping criteria, and outputs, together with
the corresponding equations. The stagnation-gated
activation of the energy prior in lines 6—11 of Algorithm
1 is detailed in Algorithm 2, and the multi-harmonic
boundary-voltage simulation and measurement-rank
analysis used in Sections LA and IILE are
summarized in Algorithm 3.

lll. Results

A. Experimental Setup and Evaluation Protocol

All experiments used a fixed three-inclusion phantom
on a 128 x 128 Cartesian grid within the unit disk

(12,644 interior cells) with a background conductivity of
oo = 1.0. Inclusion 1 (conductive, o = 5.0) is centred at
(-0.5238, 0.2117) with radius 0.2217, inclusion 2
(resistive, o = 0.5) at (0.4225, 0.2840) with radius
0.2451, and inclusion 3 (conductive, ¢ = 5.0) at
(0.1248, -0.5414) with radius 0.0756. Reconstruction
used M = 10,000 interior collocation points and Np =
256 boundary points, and the boundary data were
generated by 5,000 Jacobi sweeps under the excitation
of Eq. (8), as summarized in Algorithm 3. Three
configurations shared the phantom, architecture, loss
weights, excitation, and background anchor: the
Standard PINN (no prior), the Static EBM-PINN (prior
applied at every step with k = 5.0), and AEPS-PINN
(Eq. (27)). Each was trained with the budget of Section
II.F (2,000 Adam epochs and 500 L-BFGS steps) for
five seeds with the same initialization scheme and
stopping criteria; the run manifests confirm identical
phantom geometry and EBM checksum. One Standard
PINN run (seed 44) diverged to NaN and is reported as
a failed run rather than replaced, giving n =4, 5, and 5
valid runs. The ablation and sensitivity studies
(Sections IIl.F, 11I.G, and lIl.l) used 2,000 Adam epochs
and 100 L-BFGS steps, identical within each study. All
runs used PyTorch 2.13.0 on a CPU with a fixed thread
count. Reconstruction quality was evaluated over the
interior cells by the MSE, RMSE, relative L2 error,
PSNR = 20 log10(5.0/RMSE), and SSIM [45] computed
on the interior mask with a dynamic range matched to
the ground truth. Because these global metrics can be
favourable for a near-uniform prediction, inclusion
recovery was assessed by the Dice coefficient [46] and
Intersection-over-Union (loU) [47] between the
thresholded prediction and each ground-truth inclusion
mask, together with the mean predicted conductivity
and the recovered contrast in each inclusion. Results
are reported as mean + SD with the number of valid
runs n; 95% confidence intervals (Cls) are computed
as mean = toors, n-1-SD/\n, and differences between
configurations are tested with paired Wilcoxon signed-
rank [48] and paired t-tests.

B. AEPS Scheduling Behavior

Over the 2,500 steps of each AEPS-PINN run, the EBM
was evaluated 15 + 4 times (n = 5), i.e., in 0.60% =+
0.16% of all steps and in 0.79% % 0.21% of the 1,900
post-warm-up Adam epochs in which the scheduler
was active. The Static EBM-PINN evaluated the EBM
7,511 + 353 times, once per Adam epoch and per L-
BFGS closure call, so the scheduler reduced prior
evaluations by 99.8%. For the representative seed 42,
the post-warm-up stagnation index had a median of
0.325, a 5th percentile of 0.032, and a 95th percentile
of 0.953; ¢ = 0.005 lies at its 0.74th percentile, and
exactly 14 of the 1,900 values fell below it, matching
the 14 recorded activations (Fig. 3(b)—(c)). The gate
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Table 1. Comparative reconstruction accuracy, inclusion-level recovery, and computational efficiency of
Standard PINN, Static EBM-PINN, and AEPS-PINN under equivalent optimization budgets. Results are

expressed as mean * standard deviation and 95% confidence intervals where applicable.

Metric
MSE

RMSE
Relative L2 error
PSNR (dB)

SSIM (interior-masked)

Dice / loU

Inclusion 1 (o = 5.0): mean
predicted o (contrast)
Inclusion 2 (o = 0.5): mean
predicted o (contrast)
Inclusion 3 (o = 5.0): mean
predicted o (contrast)

Standard PINN (n = 4)

0.9127 + 0.0084
[0.8993, 0.9261]
0.9553 + 0.0044
[0.9483, 0.9623]
0.6330 + 0.0029
[0.6284, 0.6376]
14.38 + 0.04
[14.32, 14.44]
0.8690 + 0.0005
[0.8682, 0.8698]
0/0

0.9724 (1.004)
0.9517 (0.983)

0.9623 (0.994)

Static EBM-PINN (n = 5)

0.8967 + 0.0085
[0.8861, 0.9073]
0.9469 + 0.0045
[0.9413, 0.9525]
0.6274 + 0.0030
[0.6237, 0.6311]
14.45 + 0.04
[14.40, 14.50]
0.8610 + 0.0031
[0.8572, 0.8648]
0/0

0.9832 (0.996)
1.0578 (1.071)

1.0182 (1.031)

AEPS-PINN (1 = 5)

0.9008 + 0.0108
[0.8874, 0.9142]
0.9491 + 0.0057
[0.9420, 0.9562]
0.6288 + 0.0038
[0.6241, 0.6335]
14.43 £ 0.05
[14.37, 14.49]
0.8680 + 0.0006
[0.8673, 0.8687]
0/0

0.9930 (1.006)
0.9830 (0.996)

0.9932 (1.006)

Detected inclusions (all runs) 0/12
Wall-clock time (s) 1,909.7 £ 202.9
EBM evaluations 0

EBM time (s); share of run . Ao

time 0; 0%
Peak resident memory (MB)? 7751

0/15 0/15
1,7745 £177.5 1,719.0 £ 219.3
7,511 £ 353 154
51.37 £ 5.11; 2.90% 0.116 £ 0.031; 0.01%
775.3 772.0

@ Measured separately with 2,000 Adam epochs + 20 L-BFGS steps; the EBM checkpoint is loaded in all three

configurations.

therefore responds to the lower tail of a fluctuating
quantity rather than to sustained plateaus of the PDE
loss.

Table 2. Comparison of boundary measurement-
matrix rank and RMS voltage amplitude for single-
harmonic, superposed multi-harmonic, and
separately injected harmonic excitation schemes.

Excitation scheme Mgtrix Rank RMS
size amplitude

Single m =1

(a1 = 0.6) 1 x 256 1 0.528

Single m=2

(a2 = 0.4) 1 x 256 1 0.454

Superposed 1x256 1 0.904

m = 1-4 (this study)

Four harmonics

injected separately 4% 256 4 -

C. Conductivity Reconstruction Performance

Table 1 summarizes reconstruction quality, inclusion-
level recovery, and computational cost under the equal
budget. The mean MSE was 0.9127 for the Standard

PINN (n = 4), 0.8967 for the Static EBM-PINN (n = 5),
and 0.9008 for AEPS-PINN (n = 5); the corresponding
PSNR values were 14.38, 14.45, and 14.43 dB. The
95% Cls of MSE, RMSE, relative L2 error, and PSNR
overlap for all three configurations. Relative to the
Standard PINN, AEPS-PINN changed MSE by -0.0119
(-1.3%) and PSNR by +0.05 dB; relative to the Static
EBM-PINN, it changed MSE by +0.0041 (+0.5%). For
AEPS-PINN versus the Standard PINN, the paired
Wilcoxon test gives p = 0.125, the minimum attainable
with four pairs, whereas the paired t-test gives p =
0.011 under a normality assumption that four
differences cannot verify; the difference is therefore not
regarded as established, and its magnitude is small
relative to the reconstruction error itself. The only
metric whose Cls separate is the masked SSIM, which
is 0.007—-0.008 lower for the Static EBM-PINN than for
the other two configurations; because SSIM is
dominated by the background (Section 1lI.D), this
difference does not indicate a difference in structural
recovery. Continuous application of the prior thus did
not degrade the error metrics.

The L-BFGS stage contributed little: across all runs,
only 2 of the 500 L-BFGS steps improved the total loss,
with stagnation from step 3, and the remaining steps
were strong-Wolfe line-search evaluations without an
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improving direction. The principal verified benefit of
AEPS-PINN is therefore not accuracy but the 99.8%
reduction in prior evaluations at statistically
indistinguishable error (Section III.H).

D. Inclusion-Level Reconstruction

The inclusion-level rows of Table 1 quantify this. In
every run of every configuration, Dice and loU were 0
for all three inclusions, and centroid errors are
undefined because no predicted region crossed the
detection threshold. Predicted conductivity remained
within approximately 0.71-1.16 against a true range of
0.5-5.0, and the mean predicted conductivity in each
inclusion was 0.95-1.06, giving recovered contrast
ratios of 0.98—1.07 against true ratios of 5.0 and 0.5.
Inclusions of opposite polarity were not distinguished:
their mean predicted values differ by at most 0.021 for
the Standard PINN, 0.010 for AEPS-PINN, and 0.075
for the Static EBM-PINN, which even places the
resistive inclusion slightly above the background
(recovered contrast 1.071). The global metrics of Table
1 therefore do not reflect recovery of the interior
structure by any configuration.

E. Excitation Sensitivity and Measurement Rank

The analytical modal sensitivity of the configured
excitation at ro = 0.5 is 10.1 times that of a single m =2
mode (Eqg. (13)), and the measured boundary RMS
amplitude is 1.99 times larger (0.904 versus 0.454). To
test whether this gain corresponds to more information,
the numerical rank of the boundary measurement
matrix, i.e., the number of its singular values that
remain non-negligible at a prescribed tolerance [49],
was computed for four excitation schemes on the same
phantom by Algorithm 3 (Table 2). The superposed
four-harmonic injection yields rank 1, as does any
single harmonic, whereas four separately injected
harmonics yield rank 4. The rank is unchanged at
singular-value tolerances of 107%, 1078, and 107'°, and
the superposed measurement equals the sum of the
four individual responses to within a relative L2
difference of 5.10 x 107".

F. Background-Anchor Ablation

Because the anchor mask is derived from the phantom
being reconstructed, its weight was varied over Aog €
{200, 10, 0} (two seeds each, 2,000 Adam epochs and
100 L-BFGS steps). The mean MSE was 0.8980 *
0.0163, 0.9657 + 0.0106, and 1.0079 + 0.0464 for Apg =
200, 10, and 0, so removing the anchor increased MSE
by 12% and reduced masked SSIM from 0.8679 to
0.8471, consistently across both seeds. With n = 2,
however, the 95% CI half-width of the MSE exceeds
0.14 and the minimum attainable exact Wilcoxon p-
value is 0.50, so the difference is a consistent trend
rather than an established effect.

Table 3. Sensitivity of reconstruction MSE and
EBM activation count to AEPS scheduler
parameters (seed 42; 2,000 Adam epochs, 100 L-
BFGS steps, W=15, epsilon=0.005, kappa_0=5,
warm-up=100)

EBM

Parameter Value activations MSE
Default see text 14 0.9096
£ 0.001 4 0.9104
0.01 34 0.9068
0.05 147 0.9059
w 5 20 0.9079
30 17 0.9162
50 14 0.9067
Ko 1.0 9 0.9077
10.0 17 0.9072
twarmup 0 20 0.9097
300 14 0.9096

Table 4. Effects of additive Gaussian boundary-measurement noise on reconstruction accuracy and
adaptive EBM activation under different signal-to-noise ratios

MSE (mean t SD)

Nn SNR (dB) [95% ClI] SSIM (masked) AEPS activations
0.00 " ?62969909’* 095021;17] 0.8678 + 0.0002 143+45
0.01 40.0 ?(5?8075835 00_5031223 0.8677 + 0.0009 20.7 +3.2
0.03 30.5 ?6?8082239?: 09'9020177? 0.8684 + 0.0007 17.0+3.6
0.05 26.0 0.9010 £ 0.0020 0.8689 + 0.0011 21.0+35

[0.8960, 0.9060]
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The anchor does not conceal a better
reconstruction: Dice and loU are 0 in all settings, and
the predicted ranges (0.726-1.044, 0.647-0.984, and
0.635-1.056) span less than 10% of the true range.
Without the anchor, the mean prediction moves away
from the truth (0.990, 0.856, and 0.832 for Abg = 200,
10, and 0), because the measurement term alone,
acting on rank-1 boundary data, does not constrain the
interior. The anchor therefore acts as a regularizer, and
the metrics in Table 1 are upper bounds of what is
achievable without oracle information.

G. Scheduler Sensitivity

Each scheduler parameter was varied around the
default (W =15, £ = 0.005, ko = 5.0, twarmup = 100) with
the others fixed (eleven configurations, seed 42, 2,000
Adam epochs and 100 L-BFGS steps; Table 3); this is
a single-seed trend analysis without significance
testing. The activation count is governed almost
entirely by ¢, rising from 4 at € = 0.001 to 147 at ¢ =0.05
(36.8-fold), whereas ko (1.0-10.0), W (5-50), and
twarmup (0—300) change it by factors of 1.9, 1.4, and 1.4.
The setting twarmup = 300 is identical to the default
because the first activation occurs at epoch 384.
Reconstruction quality is insensitive to all four
parameters: the MSE ranges from 0.9059 to 0.9162
(coefficient of variation 1.1%) while the activation count
varies 37-fold, Dice and loU are 0 everywhere, and the
predicted conductivity range width is 0.279-0.333,
compared with 4.5 for the ground truth.

This sensitivity follows from the distribution of the
stagnation index (Fig. 3(c)): over the 1,900 post-warm-
up epochs it ranges from 3.3 x 1075 to 2.57 (median
0.325), and its density rises steeply just above ¢, so that
small increases in € admit many additional epochs. Two
consequences follow. The reduction in prior
evaluations does not require careful threshold tuning
because quality is unchanged across the tested range;
however, the activation count itself is specific to the
threshold and should not be interpreted as a property
of the method.

H. Computational Performance

Under the equal budget of 2,500 steps (Table 1), the
mean wall-clock time was 1,909.7 + 202.9 s for the
Standard PINN, 1,774.5 £ 177.5 s for the Static EBM-
PINN, and 1,719.0 £ 219.3 s for AEPS-PINN. Identical
configurations varied by up to 24% between executions
because of machine load, so these differences lie
within run-to-run variability, and AEPS-PINN is not
slower than the baseline. The EBM-evaluation count,
which is deterministic, is the more reliable efficiency
measure: 7,511 + 353 evaluations (51.37 + 5.11 s,
2.90% of the run time) for the Static EBM-PINN versus
15 * 4 evaluations (0.116 + 0.031 s, 0.01%) for AEPS-
PINN. End-to-end time is dominated by the L-BFGS
stage rather than by the prior. Peak resident memory,
measured separately with 2,000 Adam epochs and 20

L-BFGS steps, was 772-775 MB for all configurations
(baseline process 196 MB), because the EBM
checkpoint is loaded in all three; this does not imply that
the EBM has no memory cost.

I. Noise Sensitivity

Additive Gaussian noise was applied once to the
boundary data before training and held fixed, Eq. (28)
[50], where ¢ ~ N(O, I) and nn € {0, 0.01, 0.03, 0.05}
(three seeds each, 2,000 Adam epochs and 100 L-
BFGS steps); the achieved signal-to-noise ratios were
40.0, 30.5, and 26.0 dB (Table 4).

Unoisy = Umeas + My I Umeas lIrms ¢ (28)

The mean MSE varied between 0.8990 and 0.9053 (a
0.7% spread). and the masked SSIM between 0.8677
and 0.8689, non-monotonically and without significant
differences under paired Wilcoxon and f-tests; the
predicted range remained approximately [0.71, 1.04].
With n = 3, the minimum attainable Wilcoxon p-value is
0.25 and the 95% CI half-widths of the MSE are 0.005-
0.029, so only large effects are detectable. This
insensitivity must not be read as noise robustness: Dice
and loU are already 0 without noise, so there is no
recovered structure for noise to degrade. The one
measurable effect is on the scheduler, whose mean
activation count rose from 14.3 at n, = 0 to 20.7 and
21.0 at N, =0.01 and 0.05 (about 45%), consistent with
a detector that responds to loss fluctuations rather than
to plateaus (Section I11.G).

IV. Discussion

A. Interpretation of AEPS-PINN Performance

Under equal optimization budgets, AEPS-PINN neither
improves nor degrades the reconstruction error relative
to the baselines: its MSE differs from that of the
Standard PINN by -1.3% and from that of the Static
EBM-PINN by +0.5%, with overlapping 95% Cls (Table
1). The change is cost: the prior is evaluated 15 + 4
instead of 7,511 + 353 times (-99.8%) and accounts for
0.01% instead of 2.90% of the run time. The
equivalence of the Static EBM-PINN and AEPS-PINN
implies that, in this configuration, most evaluations
under continuous application were unnecessary rather
than harmful. Because the EBM was triggered only by
lower-tail fluctuations of the stagnation index and was
itself not well converged, the results establish
stagnation gating as a cheaper, quality-neutral
alternative to continuous application, not as a means of
improving accuracy; whether gated priors help under
more informative measurements remains open.

B. Excitation, Measurement Rank, and
Identifiability

The multi-harmonic excitation increases the aggregate
modal sensitivity at ro = 0.5 by a factor of 10.1 relative
to a single m = 2 mode and the measured boundary
amplitude by a factor of 1.99, potentially improving the
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Table 5. Comparison of representative electrical impedance tomography reconstruction frameworks

Study Method

Evaluation setting and

Reported

Training data and

Main contribution /

excitation quantitative results compute limitation
Simulated ACT4 (32 Mean relative £2 Real-time deblurrin
Hamilton electrodes, error on 16 4,096 simulated of D-bar imaqes 9
and Deep D-  trigonometric voltage  simulated test pairs per system; without ex e?imental
Hauotmann bar (D-bar patterns) and KIT4 (16 samples: 28.05% =4 h training (one trainin dap‘za' erTors
(201%) [14] + U-Net)  electrodes, adjacent — 9.92% (ACT4), GPU); 7.65 ms from ir?—distri’bution
current patterns); 16.82% — 9.12%  perimage simulations
experimental tank tests (KIT4)
Hamilton et Beltrami- Experimental ACT4 rSe?Il{ZI ?363??5?3%0 4,096 /15,360 I[;g:'rr‘\iargl\?a(\jl%giggiﬁ
al. (2019) net (D-bar 2ndKlT4tankdata —  \~7p)'gqy —  simulated pairs; o) o ontal data;
[15] +CNN)  (Slectrodes 223\/6) 0.827-0.892, rel. & (zjng %eFﬁS)etwork needs a full set of
P 13.1-17.3% (KIT4) current patterns
Reference for
: Simulated EIT; K Prior evaluated at energy-prior
Z’f:/kunuru Ecl)zlt,i\lnmtgs excitation patterns with Ewlcl)\lrg t%%T]v?ngence every step; K+ 1 regularization; relies
y ; internal potential data ; . networks for K on internal data
(2023) [28] EBM prior [23] faster with the prior patterns [23] unavailable in
boundary-only EIT
SSIM/ CC /RIE:
notage Filiverse smued O05210TOT 10000 sompies: AN SEOIES,
Yang et al. CNN— 16-electrode EIT (four- 0.3671 /0 4030’/ CNN=5h+=1h the PINN: needs
(2025) [23] PINN electrode protocol); 2 4903 (Cése 2): per PINN session supervise:d training
test data at 20 dB SNR 0.4036 / 0.7146 / (two GPUs) data
0.4954 (Case 3)
Experimental ~ 4 4
difference imaging of | 8f x 10 forl]d faster 5 x 1(|) S|mulated. IBettle.r dtgmaggh
Smyl et al. damaged composite inference than samples per case; localization wit
2025) [21] PINN-EIT truss (16 electrodes classical inversion; training =5x that  fewer artifacts;
( ) ; o SSIM/MSE not of a data-driven higher training
adjacent) and airfoil reported NN complexity
(20 electrodes)
Physics- , , . Data-driven and
Full inverse; simulation .
Yangetal, aual . endwatertank 16 (i T2 46,000 samples; - RO SRR
g : . electrodes, moving ; 7,000-10,000 g Wit .
(2026) [24] learning excitation: 128 x 128 0.373-0.631 (water training iterations tank validation;
(CNN + id ’ tank) g needs supervised
PINN) 9 training data
. . Data-limited Cooperative physics-
Zhuetal PGeT. ~ Cl-derivedlungBIT — SSIMO0.9644;RE y ining 16 guided training with
(2026) [25] PINN simulation and 0.0548 (data frames/s on a phantom and
phantom experiments limited conditions) . —
Raspberry Pi embedded validation
: MSE 0.9008; rel. :
Full inverse, boundary T No paired data for
AEPS. data only; synthetic 2D 4’252 DI = the PINN (EBM:  -Ower EBM cost
PINN (this Adaptive phantom (128 x 128); ¢ L pay™ " 1,000 phantoms); o o inclusions
study) EBM-PINN ﬁg?ﬁ?:;?fﬁgggg#r' evaluations than :éZ;gsitrﬁl’?oiper not rec,overed (rank-
(rank 1) J the Static EBM- (CPU) 1 measurement)

PINN

SSIM, CC, RIE, and relative errors are not directly comparable across studies, which differ in phantoms, conductivity contrast, domain, and
metric definitions; the masked SSIM of the present study (0.868) reflects a near-uniform prediction and is therefore not listed. Compute figures
refer to GPU training except for the present study

signal-to-noise

ratio under

amplitude-independent
noise conditions. It does not increase information: by

linearity of the forward problem, the superposed
measurement equals the sum of the four individual
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responses. The corresponding boundary-voltage
response matrix has rank 1 for the single superposed
injection, whereas the matrix formed from four
separately applied injection patterns has rank 4 (Table
2).

The rank-1 measurement matrix indicates that the
superposed multi-harmonic excitation constitutes a
single independent current-injection pattern, rather
than four independent measurements. Although this
configuration provides multiple boundary voltage
samples, it offers less excitation diversity than
separately applied harmonic patterns. Combined with
the depth-dependent decay of interior sensitivity [5],
this limited measurement diversity may contribute to
the unsuccessful inclusion recovery observed across
the evaluated EBM strategies, random seeds,
background-anchor weights, noise levels, and
scheduler settings. However, the present experiments
do not establish measurement rank as the sole cause
of reconstruction failure. The results therefore do not
support a claim that superposed multi-harmonic

excitation improves reconstruction accuracy;
increasing excitation diversity requires multiple
independent current-injection patterns [4], [10].

Accordingly, the global metrics in Table 1 should be
interpreted cautiously, since favourable MSE, PSNR,
and SSIM values for nearly uniform predictions do not
demonstrate  successful recovery of interior
conductivity structures.

C. Comparison with Related EIT and PINN Studies

Table 5 compares AEPS-PINN with seven
representative EIT reconstruction studies. Because
these studies differ in phantoms and data, excitation
patterns, evaluation protocols, metric definitions, and
computing platforms, the comparison is in terms of
setting and order of magnitude rather than ranking.
Three differences are decisive. First, data and
excitation: the D-bar-based networks [14], [15] and the
hybrid CNN-PINN frameworks [23], [24] use 16-32
electrodes with multiple current or voltage patterns, i.e.,
measurements of rank well above one, whereas the
present study uses a single composite injection of rank
1; the EBM-prior PINN of Pokkunuru et al. [28], like the
formulation of Bar and Sochen [20], additionally relies
on internal potential data and on one network per
excitation pattern [23], neither of which is available
here. Second, reconstruction error: the directly
comparable metric is the relative £2 error, which is 9.1—
9.9% for Deep D-bar on simulated test data [14] and
13.1-21.0% for Beltrami-net on experimental tank data
[15], against 62.9% for AEPS-PINN. Studies that
recover inclusions report SSIM values of 0.355-0.742
in simulation, 0.373-0.631 on water-tank data [24] and
0.367-0.407 under 20 dB noise [23], and PGCT-PINN
reports an SSIM of 0.9644 with a relative error of
0.0548 [25]. The masked SSIM of AEPS-PINN (0.868)

is not comparable to these values because it reflects a
near-uniform prediction over a background-dominated
domain, which is why Dice and loU, reported by none
of the comparison studies, are needed to expose the
failure. Third, computational requirements: the
supervised and hybrid approaches need 4,096-50,000
simulated training samples [14], [15], [21], [23], [24] and
GPU training of about 3-5 h [14], [15], [23], after which
inference is fast, from 7.65 ms per image [14] to 16
frames/s on an embedded platform [25] and about 8 x
10* times faster than classical inversion [21]; AEPS-
PINN needs no paired training data for the PINN but
solves each reconstruction by per-instance
optimization (1,719 = 219 s on a CPU). Finally,
Pokkunuru et al. reported that a continuously applied
EBM prior accelerates PINN convergence more than
tenfold in a setting with internal potential data [28]; the
present study did not test convergence speed in that
setting, but shows that in a boundary-only, rank-1
setting, gating the prior preserves the quality of
continuous application with 99.8% fewer evaluations,
whereas no prior can compensate for the missing
measurement information. The comparison thus
indicates that the reconstruction failure reported here
reflects the information content of the measurement
rather than a deficiency specific to the scheduler.

D. Limitations

The measurement is based on a single superposed
current-injection pattern (rank 1), which limits excitation
diversity compared with multiple independent injection
patterns, regardless of the optimizer used (Section
lII.LE). The stagnation index is a noisy lower-tail
detector: € = 0.005 lies at the 0.74th percentile of its
post-warm-up distribution, and the activation count
varies 37-fold with € (Section lll.G). The EBM prior was
not well converged (DSM loss reduced by 0.11%,
energy gap 2.59 against a margin of 5.0) and is 90.6
times larger than the PINN, and the Born-
approximation sensitivity analysis is only qualitative for
the 5:1 contrast phantom. The homogeneous-
reference boundary penalty may also bias the
predicted boundary potential toward the homogeneous
solution, and its independent effect on reconstruction
accuracy was not evaluated in this study.

All results come from one synthetic, in-distribution
phantom on a 128 x 128 grid with two to five seeds per
condition, so effects smaller than a few percent cannot
be resolved, and the scheduler sensitivity analysis uses
a single seed. The background anchor uses oracle
mask information, so metrics obtained with it are upper
bounds (Section Ill.F). Only additive Gaussian noise
was tested; electrode and forward-model mismatch
were not evaluated because no structure is recovered
even under matched, noiseless conditions. No
experimental phantom or measured biomedical data
were used, and each reconstruction requires about 30
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min of per-instance optimization on a CPU, so neither
clinical reliability nor real-time operation is
demonstrated.

E. Implications and Requirements for Biomedical
Application

For PINN-based EIT, the results indicate that a learned
prior need not be active throughout optimization: the
Static EBM-PINN and AEPS-PINN reach statistically
indistinguishable error metrics despite a roughly 500-
fold difference in prior evaluations. Stagnation-gated
activation is therefore a viable way to contain the cost
of expensive auxiliary priors, and the principle can be
transferred to other PDE-constrained inverse
problems. The present results do not, however, support
claims of clinically reliable imaging. Before biomedical
applicability can be claimed, five requirements must be
met: (1) multiple independent current-injection
patterns, so that the rank of the measurement matrix
exceeds the number of unknown structures [4], [10]; (2)
a realistic electrode configuration modelled with the
complete electrode model, including contact
impedance and discrete electrode positions [9]; (3)
evaluation of model mismatch in boundary shape,
electrode position, and contact impedance; (4)
validation on experimental tank phantoms with
measured voltages [15], [24]; and (5) final validation on
measured biomedical data against a reference
modality [3]. Within the computational setting, next
steps include a better-conditioned stagnation indicator,
such as an exponentially smoothed relative loss
decrement, a training-level comparison of single and
multi-harmonic  excitation under  independent
injections, and higher-resolution or finite-element
formulations. Real-time or embedded deployment
would additionally require amortized inference,
because the present per-instance optimization is
dominated by the L-BFGS stage rather than by the
prior.

V. Conclusion

This study developed AEPS-PINN, a PINN framework
for EIT in which an energy-based prior is activated only
when the PDE residual stagnates, and evaluated it
under equal optimization budgets. AEPS-PINN
reached a mean MSE of 0.9008 (95% CI 0.8874—
0.9142, n = 5), statistically indistinguishable from the
Standard PINN (0.9127, n = 4) and the Static EBM-
PINN (0.8967, n = 5), while reducing EBM evaluations
by 99.8%, from 7,511 £+ 353 to 15 £ 4 per run, without
loss of reconstruction quality. No configuration
recovered the inclusions: Dice and loU were zero in
every run, and the predicted conductivity spanned less
than 10% of the true range. The superposed multi-
harmonic excitation yields a rank-1 boundary-voltage
response matrix, indicating limited excitation diversity
despite a 1.99-fold increase in boundary-signal

amplitude. This limitation may contribute to the
unsuccessful inclusion recovery, although the present
experiments do not isolate its effect from other
methodological factors. The verified contribution is
therefore a quality-neutral, low-cost prior-scheduling
mechanism together with a quantitative identifiability
analysis of single-injection EIT. Future work should
evaluate AEPS-PINN with multiple independent
current-injection  patterns, a  better-conditioned
stagnation indicator, realistic electrode models, and
experimental phantom data.
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  − ∇ ⋅  ( 𝜎 ∇ u ) = 0 ,   in  𝛺


  𝜎   ∂ u  ∂ n = g  ( 𝜃 ) ,   on  ∂ 𝛺


    𝛬  𝜎 :   u  |  ∂ 𝛺 ↦ 𝜎   ∂ u  ∂ n  |  ∂ 𝛺


    𝛬   𝜎 0  [ cos  ( m 𝜃 ) ] =   𝜎 0   m cos  ( m 𝜃 )


      S  m  (   r 0 )    S  m  ( 1 ) =   r 0  2 m


  r  ( x , y ) = − ∇ ⋅  ( 𝜎  ( x , y ) ∇ u  ( x , y ) )


  u  ( r , 𝜃 ) =   ∑  m = 0 ∞  [   a  m   r  m cos  ( m 𝜃 ) +   b  m   r  m sin  ( m 𝜃 ) ]


  g  ( 𝜃 ) =   ∑  m = 1 4   a  m cos  ( m 𝜃 )


    u h  ( r , 𝜃 ) =   ∑  m = 1 4   a  m   r  m cos  ( m 𝜃 )


    u h  ( 1 , 𝜃 ) =   ∑  m = 1 4   a  m cos  ( m 𝜃 )


  𝛿   u  m ≈ −    a  m 2   𝜎 0   r 0  2 m  cos 2  ( m   𝜃 0 )   𝛿 𝜎  (   r 0 ,   𝜃 0 )


    S  m  (   r 0 ) =   𝛿   u  m  𝛿 𝜎 ∝   a  m 2     r 0  2 m


    S total  (   r 0 ) =   ∑  m = 1  N   a  m 2     r 0  2 m


  g  ( x , y ) = −  2   𝜎 0   ∑  m ​   𝛿  m     u  m   ( x , y ) 2


  g  ( r , 𝜃 ) = −  2   𝜎 0   ∑  m = 1  N   𝛿  m     a  m 2     r  2 m  cos 2  ( m 𝜃 )


    u  i  ( k + 1 ) =  1  4   𝜎  i   ∑  j ∼ i ​   𝜎  j     u  j  ( k )


    ∂   u  ( K )  ∂ 𝜎 =   ∑  k = 0  K − 1  (   ∏  j = k + 1  K − 1   ∂ 𝛷  ∂   u  ( j ) )   ∂ 𝛷  ∂ 𝜎  |   u  ( k )


    𝜖  K =   ∑  k = 0  K − 1  O   ( 1 )  K − k − 1   𝜖 round = O  ( K )     𝜖 round


     𝜑  ( x , y )  =   [ x ,   y ,     𝛾  b  ( x ) ,     𝛾  b  ( y ) ]  b = 0  B − 1 ,     𝛾  b  ( s )  =  [ sin  (   𝜔  b s ) ,   cos  (   𝜔  b s ) ] ,     𝜔  b  =   𝜔 0    2  b


  u  ( x , y ) =   𝐰  u ⊤ 𝐡 +   b  u


       𝜎 ^  ( x , y )  =   𝜎 min +  (   𝜎 max −   𝜎 min ) sig  ( z ) ,   z  =   𝐰  𝜎 ⊤ 𝐡 +   b  𝜎


      ∂   𝜎 ^  ∂ z | backward =   𝜎 max −   𝜎 min = 5 . 0


     ℒ =      𝜆 PDE  ℒ PDE +   𝜆 Dir  ℒ Dir +   𝜆 meas  ℒ meas    +   𝜆  𝜎 bnd  ℒ  𝜎 bnd +   𝜆 bg  ℒ bg + 𝜅  ( t )     E  𝜙  (   𝜎 ^ )


   ℒ PDE =  1  M   ∑  i = 1  M   | r  (   x  i ,   y  i ) | 2


   ℒ meas =  1   N  b   ∑  b = 1   N  b   ( u  (   𝐱  b ) −   u meas  (   𝐱  b ) ) 2


       S  W  ( t )  =   |  ℒ PDE  ( t ) −   ℒ ‾  W  ( t ) |    ℒ ‾  W  ( t ) + 𝜂 ,     ℒ ‾  W  ( t )  =  1  W   ∑  𝜏 = t − W + 1  t  ℒ PDE  ( 𝜏 )


  𝜅  ( t ) =  {      𝜅 0 ,  t >   t warmup ,     S  W  ( t ) < 𝜀   0 ,  otherwise


    u noisy =   u meas +   𝜂  n   ∥   u meas  ∥ RMS   𝜉

